Multivariate space-time data are increasingly available in various scientific disciplines. When analyzing these data, one of the key issues is to describe the multivariate space-time dependencies. Under the Gaussian framework, one needs to propose relevant models for multivariate space-time covariance functions, i.e. matrix-valued mappings with the additional requirement of non-negative definiteness. We propose a flexible parametric class of cross-covariance functions for multivariate space-time Gaussian random fields. Space-time components belong to the (univariate) Gneiting class of space-time covariance functions, with Matérn or Cauchy covariance functions in the spatial margins. The smoothness and scale parameters can be different for each variable. We provide sufficient conditions for positive definiteness. A simulation study shows that the parameters of this model can be efficiently estimated using weighted pairwise likelihood, which belongs to the class of composite likelihood methods. We 1 arXiv:1510.07840v2 [stat.ME] 9 Feb 2016 then illustrate the model on a French dataset of weather variables.
Introduction
Environmental and climate sciences provide an increasing amount of multivariate data indexed by space-time coordinates. For statisticians analyzing these data, one of the key issues is to model the space-time dependence structure, not only within each variable, but also between the variables. This requires models that allow for different range and smoothness parameters for each variable, and whose parameters can be accurately estimated. Let us recall some expository material that will be needed for the presentation of our results.
Consider a p-dimensional multivariate random field Y(x) = {Y 1 (x), . . . , Y p (x)} , where Y i (x) represents the i-th variable, i = 1, . . . , p, and x = (s, t) ∈ D × T ⊂ R d+1 , d ≥ 1, where s ∈ D ⊂ R d is a vector of spatial coordinates and t ∈ T ⊂ R is time. Let us further assume that Y(x) can be decomposed into the sum of a deterministic and a random component,
where µ(·) is a trend function and Z(·) a zero mean multivariate Gaussian stationary process.
Under the assumptions of Gaussianiyt and stationarity, the process Z(·) is completely characterized by its matrix-valued covariance function C(h, u) = [C ij (h, u)] p i,j=1 , which depends solely on the space-time lag, k = (h, u) ∈ R d × R:
Cov {Z i (s, t), Z j (s + h, t + u)} = C ij (h, u), i, j = 1, . . . , p, s, s + h ∈ D, t, t + u ∈ T.
Cross-covariance functions are not symmetric, but they are invariant with respect to the joint exchange of the variables and the sign of the lag k : C ij (k) = C ji (−k), for all k ∈ R d+1 .
Full symmetry is a more restrictive assumption for which the following relationships are also verified: C ij (k) = C ij (−k) = C ji (k). For a complete review on multivariate random fields modeling, with a particular focus on spatial cross-covariance functions, we refer the reader to Genton and Kleiber (2015) with the associated discussions.
Our goal is to elaborate valid, flexible parametric classes of space-time matrix-valued covariance functions for Z(x), i.e. matrix-valued covariance functions that verify the wellknown requirement of non-negative definiteness: for any n ∈ N, for any finite set of points (s 1 , t 1 ), ..., (s n , t n ) and for any vector λ ∈ R np , we have λ Σλ ≥ 0, where Σ is a np × np matrix with n × n block elements of p × p matrices C(s α − s β , t α − t β ), with α, β = 1, . . . , n.
Following Genton and Kleiber (2015) and Gelfand and Banerjee (2010) , a multivariate space-time covariance model is said to be separable when it is obtained through the product 
When ρ ST (·) is also space-time separable, the covariance matrix of Z reduces to
where ⊗ is the Kronecker product and C S , C T are respectively spatial and temporal covariance matrices (Cressie and Wikle, 2011) associated to univariate spatial and temporal covariance functions. Separability induces reduced number of parameters and faster computation of the inverse and of the determinant of the matrix Σ. Often, separability is an overly simplified assumption for weather and climate data. Space-time separability is equivalent to conditional independence between Z(s, t) and Z(s , t ) given Z(s , t) (or Z(s, t )), since in this case we have Var {Z(s, t)} Cov Z(s, t), Z(s , t ) = Cov Z(s, t), Z(s , t) Cov Z(s , t), Z(s , t ) , (s, t), (s , t ) ∈ D × T . As a consequence, there is a proportional relationship between C(h, u)
and C(h , u) for two fixed spatial lags h, h ∈ R d , u ∈ R, which implies that separable covariances cannot capture sophisticated interactions between space and time. Moreover, in a multivariate framework, separability between variables and space-time variations implies that all variables are characterized by the same space-time correlation function. An approach based on the asymptotic distribution of the sample cross-covariance estimator to test for separability and for full symmetry is proposed in Li et al. (2008) . This allows the practitioner to select among the important dependence structures and to make the appropriate modeling choice. Often, separability must be rejected and models that do not separate space, time and variable index must be defined.
Gneiting (2002) proposed a class of univariate fully symmetric space-time covariances, that has now become the standard class of models for univariate space-time Gaussian random fields in geostatistical applications; see also and references therein. The
Gneiting class of space-time covariances is defined as
where ϕ : [0, ∞) → R is completely monotone on the positive real line, with ϕ(0) < ∞, ψ is a positive function whose derivative is completely monotone on the positive real line and σ 2 is a variance parameter. See Porcu and Zastavnyi (2011) for more relaxed necessary conditions and the complete characterization of this class. Figure 1 depicts an example of a Gneiting space-time covariance function.
In spatial context, multivariate models for which space and variables are not separable are easily built by combining separable ones. In the linear model of coregionalization (LMC, Goulard and Voltz (1992); Wackernagel (2003) ), the matrix-valued covariance function is defined as a linear combination of separable models: of this construction have been discussed in Gneiting et al. (2010) and in Daley et al. (2014) .
De Iaco et al. (2013) proposed a space-time extension of this construction. A major drawback of this approach is that the smoothness of any component of the multivariate random field is that of the roughest process associated to ρ k (·), k = 1, . . . , K. Apanasovich et al. (2012) introduced a valid parametric family of cross-covariance functions for multivariate spatial random fields where each component has a covariance function from a Matérn class.
In space-time context, Apanasovich and Genton (2010) proposed valid non-separable matrix-valued space-time covariance functions through additional latent dimensions, one for each of the p variables, that represent the variables to be modeled. These dimensions are then used in a similar way as that of time within the Gneiting class of covariance functions.
Climate and weather variables need flexible space-time models able to capture different regularity properties from one variable to another. Under the framework proposed in Apanasovich and Genton (2010) , this can be obtained through a LMC-type construction, at the cost of a significant increase of the number of parameters. In order to keep a reasonably low number of parameters, we argue in favor of a different approach.
The Matérn family (Matérn, 1986) of covariance functions has become extremely popular in geostatistical applications. Its expression is
where r > 0 is a scale parameter (1/r is often called the range) and K ν denotes the modified Bessel function of the second kind of order ν (DLMF, 2015). The smoothness parameter ν > 0 is directly related to the regularity of the underlying random field. Specifically, a random field Y (x) with Matérn covariance is m times mean square differentiable if and only if ν ≥ m. As ν → ∞, the random field is infinitely mean square differentiable and its associated covariance function tends to the so-called Gaussian covariance function
Small values of ν yield rougher random fields; in particular ν = 1/2 corresponds to the exponential covariance function C(h) = exp(−r h ) that is mean square continuous but not mean square differentiable at the origin. When ν = k + 1/2 and k is a positive integer, the Matérn model reduces to the product of the negative exponential with a polynomial of degree k.
A multivariate version of the Matérn family has been proposed in Gneiting et al. (2010) and further extended in Apanasovich et al. (2012) . These constructions have the same general structure with
with different restrictions on the parameters {r ij , ν ij , ρ ij } i,j=1,...,p to ensure the validity of the matrix-valued covariance function
. In this model, each marginal component of Z, i.e. each covariance function C ii (h), has a different smoothness parameter, while allowing some cross correlations between the variables. Sufficient conditions have been obtained using scalar mixtures (Gneiting et al., 2010; Schlather, 2010; Porcu and Zastavnyi, 2011 ) while necessary and sufficient conditions are provided in Gneiting et al. (2010) for p = 2 only.
As an alternative to the Matérn class, it is also possible to build a multivariate version of the generalized Cauchy family, having expression
with 0 < λ ≤ 2 and β, r > 0. In Gneiting and Schlather (2004) it is shown that λ characterizes the roughness of the associated random field. Higher values of λ yielding smoother fields, while β parametrizes the dependence at large distances. Another parameterization, which will be used in the rest of this work, is obtained by replacing β/λ by ν > 0. The isotropic Matérn and Cauchy covariance functions are related to the completely monotone functions of Table 1 in Gneiting (2002) by the equation C(h) = ϕ( h 2 ) (Schoenberg, 1938) .
In this article we propose a class of non-separable multivariate space-time covariance models for any number of variables. The general structure of this class is
with
It is an extension of the Gneiting class G to the multivariate case, where the completely monotone functions ϕ ij have different parameters for each variable.
In particular, we offer sufficient conditions for two cases: ϕ ij (t) = M(t 2 ; r ij , ν ij ) and ϕ ij (t) = C(t 2 ; r ij , ν ij , λ). The parameterization is inspired by the multivariate Matérn structure in Gneiting et al. (2010) and Apanasovich et al. (2012) Lemma 1. Let the matrix-valued function m(ξ) : Q ⊂ R → R p × R p be symmetric and nonnegative definite for all ξ ∈ Q. Let C ξ : R d × R → R be a univariate space-time covariance function for any fixed ξ ∈ Q. Suppose furthermore that for all i, j = 1, . . . , p and fixed
is integrable with respect to a positive measure F on
is a valid p-variate matrix-valued covariance function on
This lemma is a direct application of Theorem 1 in Porcu and Zastavnyi (2011) . With appropriate choices for C ξ (·) and m(·) the following results can be established.
Theorem 1. Let ψ(t), t ≥ 0, be a positive function with a completely monotone derivative.
The multivariate Gneiting-Matérn space-time model denoted
, with
defines a valid matrix-valued covariance function if, for all i, j = 1, . . . , p,
, with r i , ν i > 0 for all i = 1, . . . , p, and where β = [β ij ] p i,j=1 is a correlation matrix.
Theorem 2. Let ψ(t), t ≥ 0, be a positive function with a completely monotone derivative.
The multivariate Gneiting-Cauchy space-time model denoted
is a valid matrix-valued covariance function if, for all i, j = 1, . . . , p, Apanasovich et al. (2012) . Figure 2 shows a realization of a bivariate Gaussian field with Gneiting-Matérn space-time covariance at instants t ∈ {0, 1, 2}. In this example, the first component is smooth, with ν 1 = 1.5 and scale parameter r 1 = 1, whereas the second component is rough, with ν 2 = 0.5 and r 2 = 0.5.
The co-located correlation parameter is ρ 12 = 0.5. Positive functions with completely monotone derivative, sometimes referred to as Bernstein functions (Porcu and Schilling, 2011) , are related to isotropic variograms by the following relationship: if a function ψ(x), x ≥ 0, belongs to the class of Bernstein functions, the func-
is a valid isotropic variogram for some constant c. For the rest of this work, we will consider the parametric form advocated in Gneiting (2002) and Schlather (2010) ψ
With this choice (and a slight abuse of notation, since the Matérn covariance does not have a parameter λ), the above models become
with F ∈ {M, C} and the parameter restrictions stated in Theorems 1 and 2. Note that in the parameterization (8), the space-time non-separability parameter b acts both on the spatial covariance F and on the temporal one. A major drawback of this parameterization is that in case of space-time separability, i.e. when b = 0, the temporal covariance is equal to 1 for all u ∈ R. Following Gneiting (2002) a reparameterization is useful. Multiplying (8) by the temporal covariance function (α|u| 2a + 1) −δ/2 , u ∈ R, with δ > 0 and replacing the exponent δ + bd/2 by τ leads to the parametric family, which will be used in the rest of this work
with τ ≥ bd/2. This parameterization provides independent and interpretable parameters for the spatial scale and smoothness governed respectively by the parameters r i and ν i , the temporal scale α, smoothness a and the separability b. Note that the above class of models is fully symmetric, i.e.
For a Gaussian random field, maximum full likelihood (FL) requires the evaluation of the determinant and the inverse of the np × np covariance matrix, where n is the number of space-time points and p the number of variables. The computational cost being of the order of O (np) 3 for both operations, a maximum full likelihood is unfeasible for large datasets, and even for datasets of moderate size as soon as the number of variables increases.
Composite likelihood (CL) methods (Lindsay, 1988) (2015), we choose the pairwise marginal Gaussian likelihoods computed on all pairs of data {Z i (s α , t α ), Z j (s β , t β )}, where i, j = 1, . . . , p and α, β = 1, . . . , n, n being the number of sites. The negative log-likelihood of such pairs is
In the special case of multivariate symmetric models, the Weighted Pairwise log-Likelihood (WPL) is thus
where
and Θ ⊂ R q is the space of parameters for which the model in (9) is valid, with q = (p + 2)(p+3)/2 for the Gneiting-Matérn class and q = (p+2)(p+3)/2+1 for the Gneiting-Cauchy class.
The computational cost of WPL is of the order of O (np) 2 when considering all possible pairs. It can be significantly reduced with an adequate choice of the weights. In this paper,
we have chosen cut-off weights, that is
where the order is defined pointwise. Otherwise we set w αβ = 0. We use the expression weighted pairwise likelihood but it is sometimes called truncated composite likelihood or tapered composite likelihood. In spite of its simplicity, this weighting scheme provides a significant gain in computational time, and preserves a reasonable level of statistical efficiency, since pairs of observations whose distance is beyond the correlation range are uninformative for the smoothness and range parameters of the covariance function. The choice
will be discussed in details in the next section. At this stage, we can notice that d is the same for all variables.
In the univariate setting, Bevilacqua et al. (2012) proposed to seek the "optimal" window
where θ is replaced by a consistent estimator of θ, such as for example the weighted least squares estimate based on empirical estimation of the variogram (Cressie, 1993, p. 91 is the Godambe information matrix, also referred to as the "sandwich" information matrix (Bevilacqua et al., 2012) . The Godambe information matrix of a full log-likelihood function is equal to the Fisher information matrix.
Estimating the parameters from model (9) requires to maximize wpl(θ) in Θ, when wpl (θ) is computed with the appropriate window d * . Closed form expressions for the theoretical expression of the Godambe matrix are not easily feasible since first and second order derivatives of (10) with respect to all parameters are required. We thus favor an empirical approach, based on a simulation study detailed in the next Section. For a given value of d * , maximiz-ing wpl(θ) in Θ is by no means trivial, since model in (9) has (p + 2)(p + 3)/2 parameters.
Employing blindly an optimization function is deemed to fail, even for the simplest case with p = 2.
As a way to alleviate this problem, wpl(θ) is maximized sequentially in subspaces of Θ, corresponding to blocks of related parameters, while keeping all other parameters fixed to the previously attained values. Among the schemes that have been tested, the following combination seemed to lead to the best estimates: for a fixed value of b, first seek the maximum corresponding to the p(p − 1)/2 correlation parameters β ij ; then, for each variable i, find the maximum for σ i , followed by (ν i , r i ); finally, maximize with respect to the two temporal parameters a and α. One iteration is achieved when all parameters have been estimated once. The likelihood is iteratively maximized until a stopping criterion is reached.
We have chosen to stop the maximization whenever the log-likelihood is increased by less than one unit. Other orders have been tested, leading to very close estimates.
The separability parameter b, crucial in this study, is difficult to optimize in the above framework. We often observed unstable maximization and/or estimates reaching the bound- We propose a simulation study with three main goals: setting the optimal window d * , assessing the performance of the estimation procedure detailed in Section 3, and measuring the gain in prediction implied by model (9), as compared to non-separable or less flexible models. Because of the wide popularity of the Matérn covariance functions, and also for space considerations, we only report results obtained with the multivariate Gneiting-Matérn class (6) in Theorem 1. The setting of the simulation study mimics the conditions found for the analysis of weather data as detailed in Section 5. Three variables are available during one month (30 days) at 13 locations (the precise locations are shown later, in Figure 4 ). Among these, 11 sites are used for the first two tasks (circles) while two sites are kept for validation (stars). There are 10 years of data, assumed independent. We thus simulate a sample of size 10 from a Gaussian vector with 30 × 13 × 3 = 1170 components. The elements of the 1170 × 1170 matrix are given by the multivariate space-time Matérn covariance function with unit variance for all variables, i.e.
Exact simulations with Cholesky decomposition are feasible, and a total of 100 repetitions are simulated. The reasonable dimension of the matrices (1170 × 1170) allows to compare WPL inference with a usual likelihood approach, referred to as the Full Likelihood (FL) approach.
Parameters have been chosen to match those estimated by an exploratory analysis of the spatial and temporal margins of the dataset (see Table 3 ). In order to account for lack of space-time separability, the parameter b was set equal to 0.8. As already pointed out earlier, we only report results obtained with the Matérn model.
Setting the optimal window
The optimal window d * given in Eq. (11) minimizes the sum of the estimation variance of every parameter. For several choices of the spatial distance d S ∈ {250, 500, 750} (expressed 
Efficiency of the estimation procedure
We now assess the ability of the estimation procedure to estimate efficiently the different parameters, the window being set to d = (500km, 2days). This simulation study also allows us to compare the efficiency of WPL with respect to FL for the multivariate Gneiting-Matérn class. We maximize WPL and FL, using the same maximization scheme, on the same set of 100 simulations. As can be observed from Table 3 , the overall performances are good for both approaches. For most parameters, the difference between the median and the mean is negligible, and differences between the mean and the true value is relatively small for most parameters. The range and smoothness parameters are a notable exception. Their estimators are less biased and more dispersed when using WPL than when using FL. For all variables i ∈ {1, 2, 3}, the smoothness parameters, ν i , tend to be overestimated, while the scale parameters, 1/r i , tend to be underestimated. In Zhang (2004) , it is shown that these parameters compensate each other and that the simultaneous estimation of both is difficult.
Results shown in Table 3 confirm our assertions. In accordance with the parameterization chosen in Theorems 1 and 2, the correlation coefficients β ij , with 1 ≤ i < j ≤ 3 must belong to the interval (−1, 1) with β ii = 1, for i = 1, . . . , 3, and the matrix [β ij ] 3 i,j=1 must be positive definite. The estimators of the correlations coefficients β ij , with 1 ≤ i < j ≤ 3, are unbiased for both approaches, but their dispersion is much larger when using WPL than when using FL. We return to this point later. Remember that the separability parameter b is not estimated continuously and that the window d has been chosen to minimize the bias and the variance of its estimator. Interestingly, it is better estimated using WPL than using FL.
With WPL, the median is equal to the true value and it is close to the mean. The separability parameter is estimated to be non null, for all simulated datasets but one. and conversely when rre > 1. For all parameters, it was found that FL leads to higher bias than WPL, but that the lower variance associated to FL usually more than compensates this effect. On these simulations, WPL is found to be rather inefficient for the estimation of the correlation parameters β ij , for which the variance associated to WPL is about 30 times that associated to FL. For all other parameters and in particular for regularity and range parameters, WPL provides estimates with a mild loss in efficiency as compared to a full likelihood approach, with a significant gain in terms of computation. Similar results were obtained for the inference of the parameters of Max-Stable processes in Castruccio et al. (2015) . Rarely, the relative efficiency is even slightly larger than 1 but this could be due to the moderate number of replicates. In these cases, the lower variance for FL does not compensate the larger bias.
Assessing the predictive performances
Finally, the predictive performance of the model is assessed. In addition to the non-separable model according to which data are simulated, we also consider three more specific models, Table 4 : Bias (bs), variance (sd 2 ), root mean square error (rmse) and root relative efficiency (rre) for each parameter. Same simulations as in Table 1 .
which are special cases of the full model. We compare space-time separable (S) and nonseparable (NS) models, and models with equal (E) or different (D) smoothness and scale parameters. We will thus consider the following 4 models:
1. S-E: b = 0; all components have equal smoothness and scale parameters. The covariance matrix follows (2). Table 3 , at the 13 stations displayed in Figure 4 . Two stations, indicated with a star, have been selected for validation. Data at these two stations are not used to estimate the parameters. For each day t, the conditional distribution is computed at these two locations, given the sets {all data at time t − 1, . . . , t − q} ∪ {data at other locations at the same time t}, where q ∈ {2, 3, . . . } is the number of days used for the prediction. Under Gaussianity, this amounts to compute the 6−variate conditional expectation and the conditional covariance matrix.
NS-E

Data are simulated according to model NS-D, with parameters as in
The four models are compared by means of four different scores: Root Mean Square Error (RMSE), Mean Absolute Error (MAE), the Continuous Ranked Probability Score (CRPS) and Logarithmic Score (LogS) (Gneiting and Raftery, 2007) . Let use denotez t 1 , . . . ,z t 6 the conditional expectation of the 6 predicted variables (2 sites × 3 variables) for a given day t, σ 1 , . . . ,σ 6 the corresponding conditional standard deviations, z t 1 , . . . , z t 6 being the observed values. Note that the conditional standard deviations are independent of the day t, since they only depend on covariance values.
The first two scores, MAE and RMSE, compare the conditional expectation to the true value. The MAE is defined as
where the sum is taken over the set of all testing days, T and |T | denotes the cardinality of the set T . The mean square error (MSE) is
The RMSE is the square root of the MSE and has the advantage of being recorded in the same unit as the data.
The other two scores, CRPS and LogS, asses not only the prediction but its variance as well. They are easily computed in the case of a normal predictive distribution. The CRPS measures the discrepancy between the predictive cumulative distribution function (CDF) and the true value. Specifically, if F is the predictive CDF and z the true value, crps is defined
where H(u − z) denotes the Heaviside function, which takes the value 0 when u < z and 1 otherwise. In case of normal CDF Φ t j with expectationz t j and varianceσ 2 j , one can show that It is easy to show that the CRPS tends to the MAE whenσ j → 0, for all j = 1, . . . , 6. For this reason, the CRPS can be interpreted as a generalized version of the MAE (Gneiting and Raftery, 2007) . The marginal logarithmic score is the negative of the logarithm of the marginal predictive density at the true value
The multivariate logarithmic score considers the multivariate predictive density computed at the true vector z t = (z 1 , . . . , z 6 )
whereΣ is the conditional covariance matrix and a is the transpose of a.
The scores defined above are computed for the set of 100 simulations, for each of the four models, and for both estimation approaches, WPL and FL. The average scores are reported in Table 5 , and the boxplots for WPL are shown in Figure 3 . We only report results obtained using the two previous days as conditioning data (i.e. q = 2), but similar results were obtained for q = 1 and q = 3. Recall that lower scores indicate a better adequacy between the model and the data.
Some comments are in order: in general, differences in score values are low, but they are consistently observed on all simulations. Therefore, they can be considered as significant.
Obviously, the highest scores correspond to the fully separable model, SE, whereas the lowest scores are obtained for the non-separable model, NS-D, for which the difference between WPL and FL is negligible. Differences between models are more pronounced when considering scores that also involve the conditional variance (CRPS and LogS). Accounting for nonseparability makes a more important difference than having different smoothness and scale parameters for each variable. It is interesting to note that the difference between the models is more pronounced with WPL than with FL. In conclusion, this simulation study shows that WPL is a valid procedure for estimating the parameters of the Gneiting-Matérn multivariate space-time model when analyzing large data sets for which a Full Likelihood maximization is not feasible. The fact that the difference in scores between the models is more pronounced with WPL than with FL is a strong indication that it is particularly interesting to apply WPL to the non-separable NS-D model. When selecting the correct model, we note that in terms of prediction performances (RMSE, MAE, CRPS), the differences are negligible when using WPL estimates instead of FL estimates despite the lower estimating efficiency shown in Table 4 . To model the January data Y(s, t) = {Y R (s, t), Y T (s, t), Y H (s, t)} , we consider a model that is stationary in time and non-stationary in space, namely
RMSE MAE CRPS LogS
Western France weather dataset
The data are first standardized at each location by their averages and standard deviations.
The space-time modeling will be carried out on the standardized variables,
which are assumed to be space-time stationary and multivariate Gaussian. The simultaneous observation of the spatial and temporal variograms of the daily temperature standardized variables, depicted in Figure 5 , reveals a zonal anisotropy between space and time. While the temporal variogram reaches a sill equal to the overall variance, equal to 1 due to the standardization, the spatial variogram does not exceed 0.4, even at very large distances. This zonal anisotropy is modeled by considering that the process Z arises as the sum of a zero mean multivariate temporal Gaussian process X accounting for temporal effects being constant in space, and an independent zero mean multivariate space-time Gaussian process W
Physically speaking, the model (14) assumes that part of the daily changes in the weather pattern, which accounts for 60% of the overall variability, is regional and affects the whole domain under study. The stationary space-time variations account for 40% of the variability.
This model provides the flexibility to accurately model the zonal anisotropy observed in Figure 5 , since
We further suppose that the process W is Gaussian, with a Gneiting-Matérn covariance function, as described in Eq. (6) and that the temporal process X has covariance function
, with i, j ∈ {R, T, H} and u ∈ R. Note that this temporal covariance function is the temporal marginal of a Gneiting-Matérn covariance (i.e.
when h = 0.
Regarding the process W, we consider the same four space-time models as in the previous section, for which there are at most 15 parameters to be estimated (for model NS-D). There are 8 parameters for the process X. Since the data have been standardized, we impose
= 1, i ∈ {R, T, H}, thus leading to a total of at most 20 parameters.
Estimates are reported in Table 6 . We also find that the model NS-E performs worst than S-E. The analysis of the colocated covariance coefficients between the three variables reveals an interesting pattern. We compute the estimated covariance coefficient σ
with i, j ∈ {R, T, H}, where ρ (X) ij is the correlation coefficient as defined in Theorem 1.
Similar coefficients are computed for W and Z and compared to the empirical correlation coefficients in Table 8 . The correlation coefficients estimated for Z are very close to empirical ones. Note that Radiation is always negatively correlated to Temperature and Humidity, which is typical for winter weather conditions. More interestingly, we can observe that the (negative) correlation between Radiation and Humidity is mostly due to the space-time process W, whereas the (positive) correlation between Temperature and Humidity is mostly due to temporal process X. Flexible multivariate space-time models can be built using a mixture approach. We proposed two classes based on the univariate Gneiting class of space-time covariances: the GneitingMatérn and the Gneiting-Cauchy multivariate space-time models. A simulation study showed that the relatively large number of parameters could be accurately estimated by maximizing a weighted pairwise likelihood function. Whenever data are simulated from the most general model, the analysis of the estimation bias and variance, as well as that of validation scores revealed that ignoring space-time interaction or the multivariate flexibility consistently leads to non optimal scores. The relative efficiency of estimates obtained when maximizing weighted pairwise likelihood with respect to those obtained when maximizing a full likelihood is, in general, above 70%. It thereby confirms that weighted pairwise likelihood is a reliable alternative to full likelihood when analyzing large datasets.
Our approach could be generalized in several ways. First, with similar arguments to those used in Theorems 1 and 2, we could propose a wider range of flexible multivariate space-time models, including compactly supported models, and models on manifolds such as spheres.
One limit of our models is that there is a unique temporal covariance for all variables. By exchanging the role of time and space, one can easily build models that are flexible in time and unique in space. Building valid multivariate space-time models that are flexible both in time and space is still an open challenge. For the time being, the analysis of models requiring different temporal covariances for different variables can be carried out using a sum of models, as in Section 5.
WPL has been shown to provide accurate estimates for univariate spatial and space-time Gaussian random fields (Bevilacqua et al., 2012; Bevilacqua and Gaetan, 2015) . We showed that it also provides accurate estimates for multivariate space-time Gaussian random fields.
We found, however, that the space-time separability parameter, b, was particularly difficult to estimate. The effect of the separability, which could be formally defined as the ratio between the non-separable space-covariance and the separable one, decreases as h → 0 or u → 0. Therefore, the relative efficiency of the estimator of b decreases when the window d = (d S , d T ) defining the pairs in WPL is too small. The optimal size of this window is thus a balance between two opposite requirements: accurately estimating b, while offering speed gain. Our opinion is that one could probably increase the efficiency of the estimation of the parameters without sacrificing too much computation speed by proposing new forms of composite likelihoods.
Appendix
Our proofs are based on the scale mixture representation (5), for which, according to Lemma 1, we need the following ingredients: a relevant univariate covariance function C ξ (h, u) in R k × R and a non-negative definite multivariate mixture m(ξ) = [m ij (ξ)] p i,j=1 , ξ > 0. The measure F in Lemma 1 will be set to be the Lebesgue measure on (0, ∞).
The first part of the proof is common to both Theorems. We first verify that the function
defined on R k × R with 0 < λ ≤ 2, is a valid covariance function for any ξ > 0 and for ψ(t), t ≥ 0, being a positive function with a completely monotone derivative. Indeed, the mapping t → exp(−ct γ ), t ≥ 0, c > 0 and 0 < γ ≤ 1 is completely monotone. Then, setting γ = 1, c = h ψ(u 2 ) 1/2 λ and t = ξ, it is clear that C ξ (h, u) belongs to the Gneiting class of covariance functions (Gneiting, 2002) for any ξ > 0. Also, the mapping [0, ∞) → R : ξ → C ξ (h, u) satisfies the hypothesis of Lemma 1, for all fixed (h, u) ∈ R k × R. 
